We are interested in the investigation of the orthogonality (in the sense of Birkhoff) of the range of an elementary operator and its kernel.
been carried out by Kittaneh [6] , showing that if T has the polar decomposition T = U|T |, then T + δ A (X) p ≥ T p (1.4) for all X ∈ C p (1 < p < ∞) if and only if |T | p−1 U * ∈ ker δ A . By a simple modification in the proof of the above inequality, we can prove that this inequality is also true in the general case, that is, if T has the polar decomposition T = U|T |, then (1.6) for all X ∈ C p (1 < p < ∞) if and only if T ∈ ker E A,B . In Sections 5, 6, and 7, we minimize the map S + E A,B (X) p and we classify its critical points.
Preliminaries. Let T ∈ B(H) be compact and let s 1 (X) ≥ s 2 (X) ≥ ··· ≥ 0 denote the singular values of T , that is, the eigenvalues of |T | = (T * T )
1/2 arranged in their decreasing order. The operator T is said to belong to the Schatten p-class C p if
where tr denotes the trace functional. Hence, C 1 is the trace class, C 2 is the Hilbert-Schmidt class, and C ∞ is the class of compact operators with
denoting the usual operator norm. For the general theory of the Schatten pclasses, the reader is referred to [7, 11] .
Recall that the norm · of the B-space V is said to be Gateaux differentiable at nonzero elements x ∈ V if lim t→0,t∈R
for all y ∈ V . Here R denotes the set of reals, denotes the real part, and D x is the unique support functional (in the dual space V * ) such that D x = 1 and D x (x) = x . The Gateaux differentiability of the norm at x implies that x is a smooth point of the sphere of radius x .
It is well known (see [7] and the references therein) that, for 1 < p < ∞, C p is a uniformly convex Banach space. Therefore, every nonzero T ∈ C p is a smooth point and, in this case, the support functional of T is given by
for all X ∈ C p , where T = U |T | is the polar decomposition of T .
Definition 2.1. Let E be a complex Banach space. We define the orthogonality in E. We say that b ∈ E is orthogonal to a ∈ E if, for all complex λ, there holds
This definition has a natural geometric interpretation, namely, b⊥a if and only if the complex line {a+λb | λ ∈ C} is disjoint with the open ball K(0, a ), that is, if and only if this complex line is a tangent one. Note that if b is orthogonal to a, then a needs not be orthogonal to b. If E is a Hilbert space, then from (2.5), it follows that a, b = 0, that is, orthogonality in the usual sense.
The elementary operators AXB − CXD

Lemma
Let A, B ∈ B(H). The following statements are equivalent:
(1) the pair (A, B) has the property (F P ) Cp 
(2)⇒(1). Let T ∈ C p such that AT = T B. Taking the two decompositions of 
where A 1 and B 1 are normal operators. Also we can write T and X on H 2 into H 1 : 
Proof. Let S = U|S| be the polar decomposition of S, where U is an isometry such that ker U = ker |S|. Since
for all S ∈ C p , then
and we have 
In (3.6) take {ϕ n } = {f k }∪{g m } as an orthonormal basis of H, then 
with respect to H = ker(S)
⊥ ⊕ ker S, and
Then we have
The result of Gohberg and Kreȋn [4] guarantees that
Since A 1 and B 1 are two normal operators, then it results from Theorem 3.5 that
Lemma 3.4 [6] .
Let u and v be two elements of a Banach space V with norm · . If u is a smooth point, then D u (v) = 0 if and only if
for all z ∈ C (the complex numbers).
Theorem 3.5. Let A, B ∈ B(H) and T ∈ C p (1 < p < ∞). Then
for all X ∈ B(H) with ∆ A,B (X) ∈ C p if and only if
for all such X.
Proof. The theorem is an immediate consequence of equality (2.4) and Lemma 3.4.
Theorem 3.6. Let A, B ∈ B(H) and T ∈ C p (1 < p < ∞). Then
Proof. By virtue of Theorem 3.5, it is sufficient to show that tr(T δ A,B (X)) = 0 for all X ∈ C p if and only ifT ∈ ker δ B,A .
Choose X to be the rank-one operator f ⊗ g for some arbitrary elements f and g in H. Then tr(
Conversely, assume thatT ∈ ker δ B,A , that is, BT =T A. SinceT X andT δ B,A are trace classes, then for all X ∈ C p , we get
We prove that
This shows that the projection
By taking the adjoints of (3.19) and since A and B are normal operators applying Fuglede-Putnam theorem, we get BUT = UT A and
Since A commutes with the positive operator T 2 , A commutes with its square roots, that is, 
20). Let f (t) be the map defined on σ (T ) ⊂
Since f is the uniform limit of a sequence
Theorem 3.8. Let A and B be operators in B(H) such that δ A,B (T )
Proof. If S ∈ ker ∆ A,B , then it follows from Lemma 3.3 that
for all X ∈ C p , then, from Theorem 3.6,
By taking adjoints, we get
From Lemma 3.7, it follows that AU |S| = U|S|B, that is, S ∈ ker ∆ A,B .
Remark 3.9.
(1) It is well known that the Hilbert-Schmidt class C 2 is a Hilbert space under the inner product Y ,Z = tr Z * Y .
We remark here that for the Hilbert-Schmidt norm · 2 , the orthogonality result in Theorem 3.8 is to be understood in the usual Hilbert-space sense. Note in the case where I = C 2 that 
where α is real such that 0 < α < 1. We have
and, for eigenvectors
if and only if S ∈ ker δ A,B ∩C p and for all X ∈ C p , in each of the following cases: 
By the same argument used in the proofs of Theorems 3.5 and 3.6, we prove the following theorems.
Theorem 4.1. Let A, B, C, D ∈ B(H) and T ∈ C p (1 < p < ∞). Then
for all X ∈ B(H) with Ψ (X) ∈ C p if and only if
for all X ∈ C p if and only ifT = |T | p−1 U * ∈ ker Ψ . 6) which implies that
Lemma 4.3. Let A, B ∈ B(H) be normal operators and AB = BA. Suppose that ASB = BSA, S ∈ C p (1 < p < ∞). If
Multiply (4.6) and (4.7) at right and left by B to obtain
that is, Consider now the case when B is injective, that is, ker B = {0}. Let
and let E B (∆ n ) be the corresponding spectral projector.
Putting P n = I − E B ∆ n , (4.13) the subspace P n H reduces both operators A and B (since they commute and are normal). Hence, with respect to the decomposition 14) it is easy to see that B
(n) 2 acting on P n H is invertible. Then, from ASB = BSA, it follows that 
which implies that Let Φ(X) = AXB − BXA. We prove the following theorem.
Theorem 4.4. Let A, B ∈ B(H) be normal operators, AB = BA, and S ∈ C p (1 < p < ∞). Then S ∈ ker Φ if and only if
Proof. If S ∈ ker Φ, then, from [13, Theorem 3.4] , it follows that Let Ψ (X) = AXB − CXD.
Theorem 4.5. Let A, B, C, D ∈ B(H) be normal operators, AC = CA, BD = DB, and S ∈ C p (1 < p < ∞). Then S ∈ ker Ψ if and only if
for all X ∈ C p . 
Proof. It suffices to take the Hilbert space H ⊕ H and the operators
and apply Lemma 4.3 and Theorem 4.4. of δ A,B ) .
On minimizing AX − XB − T p p . Maher [8, Theorem 3.2] shows that if A is normal and S
, where tr denotes trace, Re z is the real part of a complex number z, and X = U|X| is the polar decomposition of X. If dim H < ∞, then the same result holds for 0 < p ≤ 1 at every invertible X.
Theorem 5.2 [9] . If ᐁ is a convex set of C p , 1 < p < ∞, then the map X X p p , where X ∈ ᐁ, has at most a global minimizer.
6. Main results. By simple modifications in the proof of Lemma 3.7, we can prove the following lemma.
Lemma 6.1. Let A, B ∈ B(H) and C ∈ B(H) such that the pair (A, B) Cp , it follows from Lemma 3.3 that
Proof. Since the pair (A, B) has the property (F P )
Conversely, if F p has a minimum, then
Since ᐁ is convex, the set ᐂ = {S − (AX − XB); X ∈ ᐁ} is also convex. Thus Theorem 5.2 implies that
(2) Let W ,S ∈ ᐁ and let φ and ϕ be two maps defined, respectively, by φ : X S − (AX − XB) and ϕ : X X p p . Since the Frechet derivative of F p is given by 4) it follows that
By applying Theorem 5.1, we get 
It follows from Lemma 6.1 that
By taking adjoints and since the pair (A, B) has the property (F P ) Cp , we get
(6.9)
By the same argument used in the proof of Lemma 6.1 we can prove that 
The proof of the following lemma is similar to the proof of Lemma 4.3. Remark 7.7. The set = {X : AXB − CXD ∈ C p } contains C p ; if X ∈ C p , then X ∈ and, for example, I ∈ but I ∉ C p . If A ∈ C p , the conclusions of Theorems 7.3, 7.4, 7.5, and 7.6 hold for all X ∈ B(H).
Lemma 7.2. Let A, B ∈ B(H) be normal commuting operators. Suppose that
For n > 2 the generalization of the above results to the elementary operators n i=1 A i XB i is not possible. In [12] , Shul'man stated that there exists a normally represented elementary operator of the form n i=1 A i XB i with n > 2 such that asc E > 1, that is, the range and kernel have no trivial intersection.
